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ABSTRACT 
An analytical study is performed to determine the effect 
of free convection on the velocity and thermal boundary 
l ayers for forced convective flow along an isothermal 
vertical cylinder and flat plate. These problems do not 
admit similarity solutions, the non-similarity arising both 
from the transverse curvature § = (4/r ) (vx/u ) 11 2 of the 
0 00 
cylindrical surface and from the buoyancy effect expres-
sible as n = Gr /Re 2 where Gr and Re are, respectively, X X X X 
the Grashof and Reynolds numbers. The governing equations 
are solved by the local non-similarity method in conjunc-
tion with a numerical integration. In this method, all 
the non-similar terms are retained in the conservation 
equations and only in the derived subsidiary equations are 
terms selectively neglected according to the two-equation 
or three-equation model. The effects of § and n factors 
on the velocity and thermal boundary layer non-similarity 
are analyzed. 
Numerical results for the velocity and temperature pro-
files, wall shear stress, and surface heat transfer for the 
case of assisting flow, in which the buoyancy force acts 
in the same direction as the forced flow, are presented 
for gases with Prandtl number of 0.7 over a wide range of 
values of § from 0 (i.e., a flat plate) to 4.0 and n 
from 0 (i.e., pure forced convection) to 1.0. It is 
found that for a given curvature, the wall shear and 
surface heat transfer increase with an increase in buoyancy 
iv 
force and that for a given buoyancy effect, these two 
quantities increase with increasing curvature of the sur-
face. 
A comparison of the present results between the local 
similarity solution and local non-similarity solutions from 
the two- and three-equation models shows that the three-
equation model provides the most accurate results, with 
the two- and three-equation model results almost coinciding. 
This proves the accuracy of the local non-similarity method 
of solution employed in the analysis. 
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NOMENCLATURE 
cf = local friction factor 
f = reduced stream function 
g = § - derivative of f 
gx = gravitational acceleration 
Gr = X Grashof number, g S(T - T ) x
3;v2 X W oo 
h = § - derivative of g 
h = local heat transfer coefficient, q /(T - T ) w w 00 
k = thermal conductivity 
Nu = X local Nusselt number, hx/k 
p = pressure 
Poo = free stream pressure 
p = r Prandtl number, v/a 
qw = local surface heat transfer rate per unit area 
r = radial coordinate 
r = 0 
radius of cylinder 
Re = X Reynolds number, U00X/V 
T = fluid temperature 
T = w wall temperature 
T = 00 free stream temperature 
u = axial velocity component 
u = 00 free stream velocity 
v = radial velocity component 
X = axial coordinate 
xi 
a = thermal diffusivity 
S = volumetric coefficient of thermal expansion 
n = pseudo-similarity variable 
8 = dimensionless temperature, (T - T )/(T - T ) 
oo v7 oo 
~ = dynamic viscosity 
v kinematic viscosity 
§ = transformed axial coordinate 
p = density 
P free stream density 00 
T wall shear stress 
w 
= § - derivative of 8 
X = § - derivative of ¢ 
= stream function 
= buoyancy parameter, equation (13) 
Subscripts 




In the study of fluid flow over heated surfaces, it is 
customary to neglect the effects o£ buoyancy force when the 
flow is horizontal. However, such a practice is not justified 
when the forced flow is along an inclined or a vertical sur-
face, because under these conditions the buoyancy force 
modifies considerably the flow field and hence the heat 
transfer rate from the surface. Such a flow is termed com-
bined forcedand free convective flow. 
The present study is concerned with the effects of buoy-
ancy force on forced convection along an isothermal vertical 
cylinder and a flat plate. This type of problernsdoes not 
admit similarity solutions. The non-similarity arises both 
from the transverse curvature of the cylinder and £rom the 
buoyancy effect. In addition, owing to the presence of the 
buoyancy force, the £low and thermal fields are coupled 
through the conservation equations. 
Among the techniques available at present for treating 
the non-similarity problems, the method of local similarity 
has been widely employed (see, for example, Lloyd and 
Sparrow [1], Sparrow, Heinisch, and Yu [2], among others). 
In this method, certain terms involving the axial derivatives 
are discarded, and the transformed and simplified boundary 
layer equations resemble those £or a similarity boundary 
layer. These equations can, therefore, be treated as 
2 
ordinary differential equations and solved by well estab-
lished techniques. Another attractive feature of the local 
s i milarity model is that the solution at any axial location 
can be found independently of the solutions at up- stream 
locations. However, the local similarity method provides 
numerical results that are of uncertain accuracy . This is 
because there is no positive way to establish how the deleted 
terms involving the axial derivative affect the final results. 
To correct the drawback of the local similarity method, 
Sparrow and co-workers [3,4] have recently described a method 
for obtaining solutions of the locally non-similar boundary-
layer equations. This method preserves the most attractive 
features of the local similarity model (i.e., quasi-ordinary 
differential equations and locally independent solutions) , 
while retaining all of the non- similarity terms in the con-
servation equations. Only terms in the equations subsidiary 
to the conservation equations are selectively neglected. In 
their work, Sparrow and co-workers have restricted themselves 
to the forced flow boundary layers [3] and pure forced con-
vection thermal boundary layers [4]. Thus , the velocity and 
temperature fields were treated s eparately in their studies . 
For the problem under consider~tion , the flow and thermal 
fields are coupled and the conservation equations must be 
solved simultaneously. The effects of buoyancy and trans-
verse curvature on the flow and heat transfer characteristics 
are analyzed by employing the local non- similarity method of 
3 
solution in conjunction with Runge-Kutta integration scheme 
[10]. The solutions are further classified as two-equation 
and three-equation models, depending on the manners the 
terms in the subsidiary equations are discarded. The analysis 
is carried out for both assisting flow (in which the buoy-
ancy force acts in the same direction as the forced flow) 
and the opposing flow in which the buoyancy force acts in 
the opposite direction of the forced flow). 
Numerical results are presented for gases with Prandtl 
number of 0.7 for the case of assisting flow . These include 
local wall shear and local surface heat transfer for buoy-
ancy parameter~ ranging from 0 (i.e. , p ure forced convec-
tion) to 1.0 and transverse curvature § from 0 (i.e., a 
flat plate) to 4.0. Representative velocity and temperature 
profiles are also presented to illustrate the effect of 
buoyancy on the flow and thermal fields. To provide a 
perspective on the accuracy of the local non-similarity solu-
tions, the results from the two- and three-equation models 
are compared with those from the local similarity solutions. 
In addi tion , a comparison of the present results with those 
of Oosthuizen and Hart [5] from the finite-difference method 
of solution for the special case of a vertical flat plate 
lends further support that the local non- similarity method 
provides results of high accuracy at all axial locations. 
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II. ANALYSIS FOR VERTICAL CYLINDERS 
In this chapter, attention will be given to vertical 
cylinders. The governing equations for the local similarity 
and local non-similarity models for this flow configuration 
will be formulated. 
Consider a vertical cylinder of radius r which is 
0 
aligned parallel to a uniform free stream with velocity 
u and temperature T . 
= 00 
The surface temperature of the 
cylinder is maintained at T . 
w 
Let x and r denote, respec-
tively, the axial and radial coordinates and let the gravita-
tional force act in a direction opposite to the x coordi-
nate. The buoyancy force then acts in the same direction 
as the forced flow when T >T and in the opposite direction 
w = 
to the forced flow when T <T . w 00 The former situation is 
referred to as assisting flow and the latter as opposing flow. 
The starting point of the analysis is the conservation 
equations for combined forced and free convection laminar 
boundary-layer flow over a vertical cylinder: 
au 1 a 
ax + r ar (rv) = 0 (1) 
au au 
u ax + v ar 
= 1 a (r ~ur) ± 
r ar 0 
g B(T-T) X oo ( 2) * 
* The derivation of equation (2) is given in Appendix A. 
5 
aT aT 1 a aT) 
u ax + v ar = a r ar (r ar ( 3) 
where u and v are, respectively, the velocity components in 
the x and r directions, Tis the temperature of the fluid, 
~is the gravitational acceleration , S is the volumetric 
coefficient of thermal expansion , v is the kinematic vis-
cosity , and a is the thermal diffusivity. In writing the 
forego i ng equations, the conventional assumptions of laminar 
boundary-layer theory have been applied and all the fluid 
properties are assumed to be constant except for the density 
effect on the buoyancy term in equation (2) . The pos i t i ve 
sign on that term applies in the assisting flow, wh erea s 
the negative sign applies in the opposing flow. Equations 
(1) to (3) are subject to certain boundary conditions. 
Owing to the non~slip and no~blowing conditions at the 
wall , the velocity components u and v vanish at the surface 
of the cylinder, that is, 
u = v = 0 at r = r . 
0 
(4a) 
In addition , the streamwise velocity is uniform and equal to 
the free stream velocity U
00 
at x = 0 , and reaches the free 
s tream velocity outside the flow boundary layer , i . e ., 
u = u= at x = 0 





Since the surface of the cylinder is isothermal at tempera-
ture T , 
w 





and since the temperature reaches the free stream temperature 
T outside the thermal boundary layer, 
00 
T + T as r + oo 
00 
(4e) 
A . TRANSFORMATION OF THE GOVERNING EQUATIONS 
The first step in the analysis is the transformation 
of the mathematical system (1} - (4) from (x,r) coordinates 
to (§ , n) coordinates. For this purpose, it is convenient 
to employ the (§,n) variables 
§ = 4 
r 
0 





first suggested by Seban and Bond [6] , and reduced stream 
function f(§,n) and a dimensionless temperature 8(§,n) 
defined , respectively, by, 
£(§ , n) = l)J(x,r) 1/2 ' e ( § ' n) 
r (vu x) 0 00 
T(x,r) - T 
00 
T -T ( 6) w 00 
wh ere ~ is the stream function which satisfies the continuity 
equation (1) with 
u = l 81J; 





It is to be noted that the transformed axial coordinate 
§ is a measure of both the transverse curvature o£ the 
cylinder and t h e boundary layer th ickness relative to the 
cylinder radius. 
By i n troducing equations (5) and (6) into equations (2) 
to (4) 1 one obtains the following system o£ equations (see 
AppendiX B) • 
( 1 + § n > f' ' ' + ( £+ § ) f ' ' ± 8 r2 8 = § ( £' g ' - f ' ' g) ( 8) 
f ' (§ 1 0) 0 1 §g(§ , O)+f(§,O) = 0 1 £ ' (§ , oo) = 2 (9) 
1 (l+§n)8' ' +(£ + __ §)8' = § (£'¢-g8') Pr Pr (10) 
8(§ , 0) = 1 , 8(§ , oo) = 0 (11) 
whe rein the primes denote partial differentiation with 
respect ton, 
8£ ¢ 88 g = 8§ = IT 
( 1 2) 
a n d 
g S (T - T ) X Gr 





The Grashof number and Reynolds number are defined, respec-
tively, by 
Gr = X 









The quantitative effects of free convection on the forced 
convective flow are governed by the magni tude of the param-
eter ~ . Since ~ is proportional to x, the effect of buoyancy 
force , wh i ch is vanishingly smal l near x = 0, increases with 
increasing axial distance . 
The system consisting of the non-dimensional partial 
differential equations, equations (8) and (10) along with 
their respective boundary conditions, equations (9) and 
(ll) , cannot be solved analytically. Only with some kind 
of approximations, these partial differential equations can 
be reduced to pseudo-ordinary differential equations which 
can then be solved numerically by use of some established 
techniques, such as the Runge-Kutta integration scheme. 
The two methods most commonly employed in solving the 
s ystem of equations (8) to (11) are the method of local 
similarity and of local non- similarity [3 , 4]. These 
methods are described in the following section. 
B. LOCAL SIMILARITY MODEL 
To derive the governing equations for the local simi-
larity model, one neglects terms containing §aja§ namely, 
9 
the terms §gl§g' I and §¢ in equations (8) to (10). The 
end result is 
(l+§n)f' ''+(f+§)f' '±8st8 0 (15) 
f' (§ ,0) = 01 f(§ 10) 0 1 f' (§ 1 oo) = 2 ( 16) 
1 ( 1 + § n) 8 ' ' + ( £+ _§) 8' = o Pr Pr ( l 7) 
8(§,0) l, 8(§,oo) 0. ( 18) 
The reduction of equations (8) - (ll) to (15) - (18) 
is clearly justifiable £or § values that are close to zero. 
On the other hand, when § is not small, local similarity is 
based on the assumption that derivatives involving 8/8§ are 
very small. The uncertainty as to the validity of this 
assumption is a weakness of the local similarity method. 
In solving the system of coupled equations (15) to 
(18), the quantities ~ and § may be regarded as constant 
parameters. Thus, although f''' and 8'' equations are 
partial differential equations, they can be treated as 
ordinary differential equations and solved by well-established 
techniques appropriate to similarity boundary layers. For 
a given value o£ ~ (i.e., buoyancy force) 1 for example, the 
solution corresponding to any § value can be obtained in-
dependently of the solutions at any other § values. Thus, 
10 
by assigning a succession o£ § values, the axial dependence 
of velocity and temperature £ields can be determined. 
C. LOCAL NON-SIMILARITY MODEL 
The conservation equations, equations (8) and (10), 
contain g = afja§, g' = af'/a§, and¢= aeja§, which 
constitute the auxiliary functions. The equations for 
these auxiliary functions are derived by dif£erentiating 
the transformed momentum and energy equations and their 
corresponding boundary conditions with respect to the axial 
coordinate § . In this method, one retains all the non-
similar terms in both the momentum and energy equations 
and approximations are made only in the auxiliary equations. 
To begin with, one di£ferentiates equations (8) to (11) 
with respect to § and obtains the first set of subsidiary 
equations and their boundary conditions 
(l+§n)g'' '+(f+§)g' '-f'g'+2£' 'g+nf'' '+f' '±8~¢±16 ~ e 
=§ (f'h ' -f' 'h+g'g'-gg' ') (19) 
g' (§ , 0) 0, 2g(§,O)+§h(§,O) = 0, g'(§,oo) = 0 (2 0) 
_!(l+§n)¢' '+(f+ __ §)¢'-£'¢+ 1 ne' '+(2g+ _!)e' Pr Pr Pr Pr 
( 21) 
¢(§,0) 0 1 ¢(§ 1oo) = 0 
wherein the term ~/§ results £rom d~/2d§ and 
h X = 8¢ 3§ 
11 
(22) 
( 2 3) 
The second set o£ subsidiary equations along with their 
boundary conditions are obtained by differentiating equa-
tions (19) to (22) with respect to §, giving 
(l+§n)h' ''+(f+§)h' '-2f'h'+3f' 'h±B~x+2ng'' '+(2+4g)g'' 
-2gg'±32 ~ ¢±16 ~ 8h' 8h -8 = § ( £ ' - £ ' ' §2 a§ IT 
-2g' 'h+3g'h'-gh' ') ( 2 4) 
h'(§ 1 0) = 0 1 dh 3h ( § 1 0) + § a§ ( § 1 0) = 0 1 hI ( § 1 00 ) 0 
( 25) 
P~(l+§n)x' '+(£+ P!> x'-2£'x+ P; n<P' '+(4g+ p;><P' 
-2g'¢+3h8' 
=§ (f' ~~ - 8' ~~ +2g'x-gx'+h'¢-2h¢') ( 2 6) 
x<§~O> = o I X(§ loo) 0. ( 2 7} 
12 
The higher order subsidiary equations can be derived by 
differentiating equations (24) to (27) with respect to § , and 
so on. 
In deriving the systems of equations (19) to (22) and 
(24) to (27), etc., for the local non-similarity method, no 
approximations have been made. In order to solve these 
systems of differential equations, certain approximations 
need to be imposed. This gives rise to two-equation and 
three-equation models. 
1. Two-Equation Model 
To derive the governing equations for the two-equation 
model, one retains all the terms in the conservation equa-
tions, equations (8) and (ll). In the first set of sub-
sidiary equations, equations (19) to (22), however, terms 
containing §a7a§ 2 of f and 8 and their derivatives with 
respect ton (namely §h,§h' and §x) are assumed to be suffi-
ciently small so that they may be dropped, as it was done 
for the case of local similarity model. 
With this approximation, the governing equations for 
the two-equation model assume the form 
(l+§n)f'' '+(f+§)f' '±8S18=§ (f'g'-gf'') ( 2 8a) 
(l+§n)g' ''+(f+§)g' '-f'g'±8S1¢+nf'' ' + (2g+l)f'' ( 2 8b) 
$1 
±16 § 8-§(g'g'-gg' ') = 0 
13 
____!_ ( 1 + § n ) 8 I I + ( f + _§) 8 I = § ( f I ¢-g 8 I ) 
Pr Pr (2 9a) 
P;(l+§n)¢ 1 l+(f+ P;)¢ 1-f 1¢+ P~ n8 1 1+(2g+ P~)8 1 ( 29b) 
-§(gl¢-g¢1) = 0 
f 1 (§,0) 0, f(§,O) = 0, f 1 (§,=) 2 ( 3 Oa) 
gl (§ ,0) 0, g(§,O) 0, g 1 (§,=) = 0 
8(§,0) 1, 8(§,=) = 0 ( 3 Ob) 
¢(§,0) = 0, ¢(§,=) 0. 
In these equations, Q is a prescribable parameter representing 
the effect of buoyancy force. The problem reduces to a pure 
convective flow over a cylinder when n 0. 
It can be seen that the functions f and 8 appear in 
equations (28) and (29), so that these equations must be 
solved simultaneously. For a given value of n , if § is re-
garded as a constant prescribable parameter at any axial 
location, these equations may be treated as a system of 
coupled ordinary differential equations and solved by the 
conventional techniques for similarity boundary layers. 
14 
2. Three-Equation Model 
The governing equations for the three equation model 
are derived as follows. One begins by deleting the terms 
involving §8 3/8§ 3 of f and 8 and their n-derivatives from 
the second set of subsidiary equations, namely the terms 
§8h/8§,§8h 1 /8§ and §8x/8§ in equations (24) to (27), while 
retaining all terms in the governing conservation equations 
and in the first set of the subsidiary equations. Thus, the 
governing equations for the three-equation model are: 
(l+§n)f 1 I 1 +(f+§)f 1 1 ±8Q8=§ (f 1 g 1 -gf 1 I) ( 3la) 
D (l+§n)g 1 I 1 +(f+§)g 1 1 -f 1 g 1 ±8r2¢+nf 1 1 1 +(2g+l)f 1 1 ±16 § e 
=§(f'h 1 -f' 'h+g'g 1 -gg' ') 
( 1 + § n ) h ' I I + ( f + § ) h I I -- 2 f I h I + 3 f I I h ± 8 D x + 2 n g I I I 
+(2+4g)g 1 1 -2g 1 g'±32 g§¢±16 _g e §2 
-§ (3g'h 1 -2g 1 1 h-gh' I) 0 
1 (l+§n)8 1 '+(f+ _§)e'=§(f 1 ¢-g8 1 ) Pr Pr 
(3lb) 
(3lc) 
( 3 2a) 
15 
P~(l+§nl¢' '+(f+ P!>¢'-f'¢+ P~ ne• '+(2g+ P~)e' (32b) 
=§ (f'x+g'¢-g¢'-h8') 
_!(l+§n)x' '+(f+ __ §)x'-2f'x+ 2 n¢' '+(4g+ Pr~)¢' 
Pr Pr· Pr ( 3 2c) 
-2g'¢+3h8'-§(2g'x-gx'+h'¢-2h¢') o 
f' (§ , 0) = 0, f(§,O) 0, f' (§,co) 2 
g' (§,0) = 0, g(§,O) = 0, g' (§,co) 0 ( 3 3) 
h' (§,0) = 0, h(§,O) = 0, h' (§,co) 0 
8(§,)0 = 1, 8 ( § 1 co) = 0 
¢(§,0) = 0, ¢ ( § 1 co) = 0 ( 3 4) 
x(§,O) 0' X ( § 'co) = 0 • 
It is noted that the f and 8 functions appear in all of 
these equations and thus the system of equations must be 
solved simultaneously. As in the two-equation model, § 
may be considered as a constant parameter and the system of 
equations can be treated, for a given ~' as a set of coupled 
ordinary differential equations of the similar type. 
16 
The local non-similarity solution method just described 
above preserves the two most attractive features of the local 
similarity method (i.e., the system of equations can be 
treated as ordinary differential equations and the solutions 
are independent of §). In addition, in the local non-
similarity method, all non-similarity terms in the conservation 
equations (8) and (10) are retained. Terms are deleted 
selectively only in the subsidiary equations; in the first 
set of subsidiary equations for the two-equation model and 
in the second set for the three-equation model. This is an 
improvement over the local similarity method, where terms 
are deleted from the conservation equations themselves. It 
is thus expected that the local non-similarity models should 
provide more accurate results for the velocity and tempera-
ture fields, wall shear, and surface heat transfer than 
those from the local similarity model. Furthermore, in 
the three-equation model, since the approximation is made in 
the equations which are secondarily subsidiary to the conser-
vation equations and since the conservation equations them-
selves and their first subsidiary equations are both intact, 
the results from the three-equation model should be even more 
accurate than those from the two-equation model. This has 
been shown to be the case by Sparrow and co--workers [3,4] in 
their studies of pure forced boundary layer flows and heat 
transfer. 
It should be pointed out that, although the solutions of 
the flow and thermal fields provide information for the f, 
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g, e, and¢ functions for the two-equation model and the f, 
g, h, e, ¢, and x functions for the three-equation model, it 
is only f and e and their partial derivatives with respect 
to n that are physically relevant for both models. For 
example, the axial component of the velocity distribution is 
given by 
( 3 5) 
and the temperature distribution by 8(§,n). 
It is to be noted again, that the system of differential 
equations for a horizontal cylinder can be obtained easily 
by eliminating the buoyancy term, that is, by letting ~ = 0 
in equations (31) and (32). 
D. LOCAL FRICTION AND NUSSELT NUMBER 
The wall shear stress T and the local friction factor 
w 








( 3 6) 
With the aid of equations (5) and (35), it can be readily 
shown that 
1 f ' ' ( § , 0 ) Re 2 X 
l 
2 ( 3 7 } 
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The heat transfer characteristics can be expressed in terms 
of a local Nusselt number and local heat transfer coefficient 
hx 
k h T -T (38) w 00 
From Fourier's law, qw = -k(8T/8r)r , in conjunction with 
0 





-8 ' ( § , 0) Re 2 X ( 3 9) 
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III. ANALYSIS FOR VERTICAL FLAT PLATES 
The method of analysis for flow along a vertical cylinder 
is now applied to the case of flow along a vertical isothermal 
plate. The analysis for flow along a vertical plate is much 
simpler, because there is no transverse curvature (§ = 0) and, 
therefore, the non-similarity arises from the buoyancy forces 
only. 
Consider a vertical flat plate which is aligned parallel 
to a uniform free stream velocity u= and temperature T= . 
The surface temperature of the plate is maintained at T . 
w 
Let x and y denote, respectively, the axial and transverse 
coordinates and let the gravitational force act opposite to 
the direction of the x-coordinate. Again the buoyancy force 
acts in the same direction as the forced flow when T >T 
w = 
and in the opposite direction when T <T . 
w = 
The conservation equations for combined forced and free 




dV 0 ( 4 0) dX ay 
dU dU 8 2 u ± g S (T-T ) ( 41) u dX + v \) --2 8y 8y X oo 
8T 8T 8 2 T ( 4 2) u dX + v 8y a 2 . 8y 
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Equations (40) to (42) are subject to the following boun-
dary conditions: 
u v = 0' 




T -+ T 
00 
at y = 0 
as y -+ oo 
A. TRANSFORMATION OF THE GOVERNING EQUATIONS 
(4 3a) 
( 43b) 
The momentum and energy equations are non-dimensionalized 
by introducing the non-dimensional parameters, n, f, and 8 
defined by 
1 
u 2 1 00 
n= 2 y(vx) 
~(x,y) T-Too 
f(~,n)=- 1 , e(~,n)= T--rr-
2 ( VU X) 
00 
w 00 
( 4 4) 
The stream function w satisfies the continuity equation with 
V = aw 
- ax. ( 4 5) 
By introducing equations (44) into equations (41) to 
(43), one obtains the following system of equations 
fl I 1 +ff 1 1 ±8~8=2~(f 1 g 1 -gf 11 ) 
f' (~,0) = 0, f(~,0)+2~g(~,O) = 0, 
1 e' '+fe I = 
:Pr 
2~(f'¢-g8') 
f' (~,oo) = 2 
( 4 6) 
( 4 7) 
( 4 8) 
8 (~,0) = 1, 8 (S't,oo) = 0 
wherein the primes denote partial differentiation with 
respect to n, 
and 
8f 
g = a-IT' 
~ = 













As in the case of vertical cylinders, the two methods used 
to approximate the systems of partial differential equations 
are the local similarity and local non-similarity models 
which are described below. 
B. LOCAL SIMILARITY MODEL 
In the local similarity method, the governing equations 
are derived by neglecting terms containing rt8/8~; namely, the 
terms ~g, rtg' and rt¢, in equations (46) to (51). The re-
sulting system of equations is 
f'' '+ff' '±8~8 
f' (~,0) = 0, f(~,O) = 0, 
1 8''+f8' = 0 Pr 
0 (52) 
f' ( ~, 00) 2 (53) 
(54) 
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8(~,0) l, 8 (~,=) = 0. (55) 
The reduction of equations (46) - (49) to (52) - (55) 
is justifiable for ~ values that are close to zero. However, 
when ~ is not small, local similarity is based on the assump-
tion that derivatives involving 3/3 ~ are very small. Also, 
in solving the system of coupled equations (52) to (55), ~ 
may be regarded as a constant parameter and the f and 8 
equations can thus be reduced to ordinary differential equa-
tions which are then solved by well-established techniques. 
C. LOCAL NON-SIMILARITY HODEL 
In this method, equations (46) to (49) are differen-
tiated once with respect to ~ to yield the first set of sub-
sidiary equations and their boundary conditions 
g'' '+fg' '-2f'g'+3f''g±88±8~¢=2~(f'h'+gg' - f' 'h-gg' ') (56) 
g' ( ~ ,0) = 0, 3g(~,0)+2~h( ~ ,O) = 0 g I( ~ , oo ) 0 
(57) 
1 ~· '+f ~ ' - 2f'¢+3g8'=2 ~ (f' x+g' ¢ -g ¢ '-h8') Pr '+' '+' (58) 
¢( ~ ,0) 0' ¢ ( ~ , = ) 0 (59) 
where 
X = 8¢ as-t 
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( 6 0) 
To obtain the secondset of subsidiary equations along with 
their boundary conditions, equations (56) to (59) are differ-
entiated with respect to Sl. This gives 
h I I I + fh I I --4 f I h I + 5 f I I h + 6gg I I -4 g ; g I ± 16 ¢ ± 8 Sl X ( 61) 
= 2 Q ( 3 g I h I - g g I I - 2 g I I h + f I d h 1 -- f I I ~E.) 
as-t as-t 
h' (Sl,O) 0, ah 5h(Sl,0)+2Sl as-t (Sl,O)=O, h' (S"2,=)=0 ( 6 2) 
1 Pr X1 '+fx'-4f'x+5h8'+(6g-4g')¢ (63) 
=2S"2(f' ~B-e~~~ +2xg 1 -2h¢'+¢h'-gx 1 ) 
x(s-t,O) = o, X (Sl,=) = 0. (64) 
The higher order subsidiary equations can be derived by 
differentiating equations (61) to (64) with respect to Sl, 
and so on. To solve the system of differential equations by 
the local non-similarity method, attention is directed to 
the two-equation and three-equation models. 
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1. Two-Equation Model 
The governing equations for the two-equation model 
are derived by retaining all the terms in the conservation 
equations (46) to (49). However, in the first set of sub-
sidiary equations (56) to (59), terms containing ~a 2 ;8 ~ 2 
of f and 8 and their partial derivatives with respect to 
n (namely, ~h, ~h' and ~X) are considered to be small and 
can be dropped. With this simplification, the governing 
system of equations for the two-equation model becomes, 
f' I '+ff' 1 ±8~8=2~(f'g'-gf' 1 ) 
g' ''+fg' '-2f'g'+3f' 'g±88±8~¢-2~(g'g'-gg' ')=0 
1 8''+f8'=2~(f'¢-g8') Pr 
1 ¢' '+f¢'-2f'¢+3g8'-2~(g'¢-g¢')=0 Pr 
f' (~,0) = 0, f(~,O) = 0, f' (~ 1 00 ) = 2 
g' (~ 1 0) = 0, g(~,O) = 0, g' (~ 1 00 ) 0 







In these equations, ~ is a prescribable parameter rep-
resenting the effect of buoyancy force. 
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2. Three-Equation Model 
To derive the governing equations for the three-equa-
tion model, all terms in the governing conservation equations 
(46) to (49) and in the first set of subsidiary equations 
(56) to (59) are retained. However, in the second set of 
subsidiary equations (61) to (64), terms involving ~8 3 /8~ 3 
of f and e and their n-derivatives, (namely, the terms 
~8h/8~,~8h 1 /8~ and ~8x/8~) are dropped. With this, the 
governing equations for the three-equation model become 
f 1 I 1 +ffl 1 ±8~8=2~(f 1 g 1 -gf 1 1 ) 
g' I 1 +fg 1 1 -2f 1 g 1 +3f' 'g±88±8~¢ 
=2~(g'g 1 +f'h 1 -gg' '-f 1 'h) 
h'' '+fh' '-4f'h'+5f' 'h±B~x+6gg 1 '-4g'g'±l6¢ 
- 2~(3g'h'-gh' '-2g 1 'h) 
1 e• '+f8'=2~(f'¢-S'g) Pr 
0 










( 6 9b) 
( 6 9c) 
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f' ( rt ,O) 0, f (rt,O) 0' f' ( rt , = ) 2 ( 7 0) 
g' (rt,O) = 0, g(rt,O) 0, g' ( rt , = ) 0 
h' (rt,O) 0, h( rt ,O) 0, h' ( r2 , = ) = 0 
e (r2,0)=l, e (r2,=)=o ( 71) 
¢ (r2,0)=0, ¢ (r2, oo )=Q 
x(r2,0)=0, x(r2,0)=0. 
It must be noted that the above equations are coupled 
and thus the system of equations must be solved simultaneously. 
It also should be noted that the system of differential equa -· 
tions for a horizontal flat plate can be obtained by elimi-
nating the buoyancy force, namely by letting r2 = 0 in the 
above system of equations for a vertical flat plate. 
D. LOCAL FRICTION FACTOR AND NUSSELT NUMBER 
The wall shear stress T and the local friction factor 
w 
cf are defined, respectively, by 
dU 2T w ( 7 2) T =lJ (--- ) c = 
--2 w ay y=O f pu 
= 
with the aid of equation ( 4 2) and noting that 
it can be readily shown that 
c = f 
1 
- 2 1 f ' ' ( r2 , 0 ) Re 2 X 
The heat transfer characteristics can be expressed 
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( 7 3) 
( 7 4) 
in terms of a local Nusselt number and local heat transfer 
coefficient 
hx Nu = 
X k 
By employing Fourier's law, q = - k(aT) , along with 
w ay y=O 
equations (44), it follows that 
1 
1 2 Nu =- -8' (n,O)Re . X 2 X 
( 7 5) 
(7 6) 
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IV. NUMERICAL METHOD OF SOLUTION 
In the local non-similarity method, the differential 
equations describing the flow and thermal fields for both 
the two-equation and three-equation models are strongly 
coupled and these equations must, therefore, be solved 
simultaneously. To solve the system of equations for 
these models by a direct numerical integration scheme, 
the initial values f 1 1 ( § , 0) , g 1 1 ( § , 0) , h 1 ' (' § , 0) , e 1 ( § , 0) , 
¢ 1 (§,0) and X' (§,0) must be specified. Since these values 
are unknown, they are guessed and these guessed values are 
refined iteratively at the same time, until the other 
boundary conditions are satisfied within certain tolerances. 
In the present study, the modified least-squares, Newton-
Raphson method of Nachtsheim and Swigert [9] was employed 
as the iterative technique for refining the initial guessed 
values, in conjunction with Runge-Kutta integration scheme. 
The Runge-Kutta numerical integration of the ordinary 
differential equations for the present problems requires 
the satisfaction of asymptotic boundary conditions. In the 
analysis, some of the boundary conditions are specified at 
the surface of the wall, while some are specified as limits 
that must be approached as n~oo; that is, at large values of 
the independent variable n. This n value corresponds to the 
edge of the boundary layer. In order to be able to perform 
the Runge-Kutta integration, it is necessary to specify as 
many additional conditions at the wall as there are conditions 
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to be satisfied at the edge of the boundary layer. In the 
present study, the additional boundary conditions were 
satisfied by using the modified Newton- Raphson method and 
minimizing the mean-square errors between the values of the 
computed and specified asymptotic boundary conditions. 
The coupling of the differential equation s makes it 
necessary to guess the four initial values f 1 1 (§,0), 
g 1 1 ( §, 0) , e 1 ( §, 0) , and ¢ 1 ( §, 0) for the case of the two-
equation model, and the six initial values f 1 1 (§,0), 
g 1 1 ( § , 0) , h 1 1 ( § , 0) , e ' ( § , 0) , ¢ 1 ( § , 0) and x 1 ( § , 0) for the 
three-equation model. This, in turn, makes the convergence 
of the solutions to be quite sensitive to the initial guesses 
of the boundary conditions. 
The integration of the differential equations should 
be stopped at a value of the independent variable n that 
00 
is guessed in advance, and which must be sufficiently large 
in order for the various functions to approach their asymp-
totic values. For the sake of completeness, the solution 
method for the three··-equation model will be briefly de-
scribed here. The solution method for the other two models 
follows a similar but simpler procedure and can be handled 
much more easily. The procedure employed here to solve the 
system of ordinary differential equations resembles that 
outlined by Dewey and Gross [7] and by Hayday and co-workers 
[8], with some modifications to account for the coupling of 
the governing equations. 
For given values of n and § and with k nown initial 
values f(§,O) , f' (§,0), g(§,O), g 1 (§,0), h(§,O), h' (§,0), 
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8(§,0), ¢(§,0) and x(§,O), one guesse s the initia l va lues f or 
f 1 1 ( § , 0) , g 1 1 ( § , 0) , h 1 1 ( § , 0) , and 8 1 ( § , 0) , ¢ 1 ( § , 0) , x 1 ( § , 0) 
at the wall and assigns a value of n , the numerical approxi-
= 
mation to n = = The ordinary differential equations for f, 
g, h, and 8, ¢, x are then integrated simultaneously by 
Runge-Kutta schemes for second and third order differential 
equations [10], respectively, from n = 0 ton= n= using 
a proper step size ~n. The calculated values of f 1 (§ , n ) 
00 
g 1 ( § , n ) , h 1 ( § , n ) , 8 ( § , n ) , ¢ ( § , n ) , and x ( § , n ) at the 
00 = 00 00 00 
edge of the boundary layer n= are then checked to see i f 
they satisfy the conditions within the pre-assigned tol-
erances. The conditions at the edge of the boundary layer 
are~ 
f' (§,n )-+2, g' (§,n )-+0, h' (§,n ) -+ O 








8' (§ ,n )-+0, 
00 
¢ 1 ( § , n ) -+O , 
00 
X 1 (§,n ) -+ O . 
= 
The last set of boundary conditions (77b) at the edge of 
the boundary layer is imposed as a requirement that the 
solutions approach the values, given by conditions (77a) 
asymptotically. If they do not satisfy the desired 
accuracy at n=' the guessed initial values f' 1 , g 1 ' h' ', 
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8 1 , ¢ 1 and X 1 at n = 0 are improved by an iterative procedure 
using the modified Newton-Raphson method in conjunction with 
a least-squares approach to insure that jf 1 -2j, g 1 , h 1 , 8 , 
¢, and x approach zero asymptotically as n~n . 
00 
The details of the solution method are described in 
Appendix C. 
It was found advantageous to start the computation for 
a particular case with a small value of noo and then succes-
sively increase n until the pre-as signed tolerances on the 
00 
values of dependent variables and their deri~tivesat noo 
are satisfied. The computations were terminated when the 
magnitudes of If 1 ·-21 , g 1 , h 1 , f 1 1 , g 1 1 , h 1 1 , 8 , 8 1 , ¢, ¢ 1 , 
-- 6 x, and X 1 were on the order of 10 or less at noo. 
A stepsize of 6n = 0.02 was found to be adequate for 
use in the numerical integration for all parameters ~ and 
§ that were investigated. The effect of stepsize on the 
accuracy of the numerical results will be discussed in Chap-
ter V. In the numerical integration the noo value used range s 
from a value of 10 for ~ = 0, § = 0 to a value of 30 for 
s-2 = 1.0, § = 4.0. All computations were performed on an 
IBM 370/165 digital computer using double precision 
arithmetic. 
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V. RESULTS AND DISCUSSION 
The sets of equations presented in the ANALYSIS 
section for the local similarity and non-similarity models 
apply for both assisting flow and opposing flow. However, 
calculations were carried out only for the case of assist-
ing flow (in which the sign in front of the terms contain-· 
ing n in the momentum equation and its subsidiary equations 
is positive) for gases having Prandtl number of 0.7. They 
cover buoyancy parameter n ranging from 0 (i.e., pure forced 
convection) to 1.0 and transformed axial coordinate § from 
0 (i.e., a flat plate) to 4.0. 
The numerical results of f 1 1 (§,0) and -8 1 (§,0) for Pr= 
0.7 and representative parametric values of n = 0, 0.1, 0.5, 
1.0, and § = 1, 2, 3, 4, from the solutions of the local 
similarity model and local non~-similarity models are tab-
ulated, respectively, in Table D-I and Table D-II, Appendix 
D. The accuracy of these results from the various solution 
models will now be discussed. 1 
· 1 h h 1 1 11 h lt Re2 F1gure s ows t e oca wa s ear resu s cf x = 
f 1 1 (§,0)/2 as a function of § from the local similarity model 
and local non-similarity two - and three- equation models. 
To conserve clarity of the figure , only the results for ~ = 
0 and n = 1.0 are shown. It is seen from the figure t hat 
the results from the two- and three-equation models are in 
very good agreement over the entire range of § values for 





















~ = (4/r ) (vx/u )112 0 co 
4.0 
Fig. 1. A COMPARISON OF REPRESENTATIVE WALL SHEAR RESULTS AMONG VARIOUS MODELS. (Pr=0.7) 
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curves increases somewhat with an increase in § for a given 
~, but is very small even at large ~ and § values. For 
instance, at ~ = 1.0 and § = 4.0, the maximum deviation is 
less than 2 percent. Thus, the results represented by 
these curves are of high accuracy. In addition, the three-
equation model provides results that are more accurate than 
those from the two-equation model. On the other hand, the 
local similarity model predicts results of low accuracy, 
particularly at larger ~ values. For instance, at ~ l 1.0 
and § = 4.0 the local similarity model predicts cf Re~ 
result, that is, about 18 percent higher than that from 
the local non- similarity three-equation model. 
The effeit of buoyancy force on the local wall shear 
results cf Re~ is shown for ~ = 0, 0.1, 0.5, and 1.0 in 
Figure 2. These results are also tabulatrd in Table D--III, 
Appendix D, in terms of f'' (§,0) = 2cf Re~ . All results 
are from the three-equation model except those for the 
case of a vertical flat plate (§ = 0), which are from the 
two-equation model. This is because for this particular 
case, the solutions from the three-equation model failed to 
converge to the specified tolerances at noo due to the be-
haviour of the auxiliary functions h'' (~,0) and x'(~,O). 
However, from the numerical results shown in Figure 1, it 
can be seen that there is essentially no difference between 
the results from the two- and three-equation models for 
small values of §. Thus, the results for the case of § = 









0 1.0 2.0 3.0 4.0 
~ = (4/r ) (vx/u )112 0 00 
Fig. 2. WALL SHEAR RESULTS FROM THREE-EQUATION MODEL. (Pr=0.7) 
curve for~= 0 (i.e., pure forced convection) agrees 
exactly with that of Sparrow and co - workers [3]. As ~ 
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increases, the wall shear increases. Thus, the effect of 
the buoyancy force is to increase the wall shear. The 
results for § = 0 correspond to the case of a vertical flat 
plate. It can also be concluded from the figure that for a 
fixed buoyancy parameter ~' the wall shear stress increases 
with an increase in §. 
Representative velocity profiles at selected axial 
locations § for two parametric values ~ = 0 and 1.0 are 
illustrated in Figure 3 in which u/u
00 
is plotted against 
n. The results are from the three-equation model. It is 
seen from the figure that for a given ~' the velocity pro-
files change markedly as § increases, i.e., as one proceeds 
along the axial distance. The most evident changes are the 
increase of velocity gradient a(u/u )/an at the wall and the 
00 
substantial growth in the flow boundary layer thickness. 
In general, as ~ increases, the velocity gradient at th~ 
wall increases and the boundary layer thickness decreases. 
Next, attention is turned to the heat transfer resultf. 
The local heat transfer results as represented by Nu Re- 7 X X 
= -8' (§,0)/2 from solutions of the various models are plotted 
in Figure 4 for two values of ~- Representative results of 
-8' (§,0) from these models are tabulated in Table D-II, 
Appendix D. Inspection of the figure reveals that the two-
and three-equation models give results that are in excellent 
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; = {4/r ) (vx/u )1/ 2 
0 00 
4.0 
Fig. 4. A COMPARISON OF REPRESENTATIVE HEAT TRANSFER RESULTS AMONG VARIOUS MODELS. (Pr=0.7) 
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than 1 percent for ~ = 0 and less than 2 percent for ~ = 
1. 0 in the entire range of § values. As shown in the \vall 
shear results, this closeness of the curves is an indication 
of high accuracy of the local non-similarity solution. The 
local similarity solution, on the other hand, is seen to 
give results that are believed to be much less reliable. 
The maximum devia t ion between the results from the local 
similarity model and the local non-similarity three-equation 
model for ~ = 1.0 and § = 4.0 is about 4 percent. 
The heat transfer results for various ~ values are 
brought together in Figure 5. These results are from the 
three-equation model except those for the case of a vertical 
flat plate (§ = 0) which are from the two-equation model. 
It is seen from the figure that the heat transfer rate in-
creases with an increase in~ and §. Thus, the effect of 
buoyancy is to increase the rate of heat transfer which in 
turn augments itself with an increase in the axial distance. 
The present results for the case of combined forced and free 
convection along a vertical flat plate (i.e., the case of 
§ = 0) do agree very well with those reported by Oosthuizen 
and Hart [5] from the finite-difference method of solution. 
Thus, it may be concluded that the local non-similarity 
solution method provides results of good accuracy. To pro-
vide a better understanding of the heat transfer char~cter­
istics, the -8' (§,0) results from the local non-similarity 















0 1.0 2.0 3.0 4.0 
~ = {4/r ) {vx/u )1/ 2 0 00 
Fig. 5. HEAT TRANSFER RESULTS FROM THREE-EQUATION MODEL. (Pr=0.7) 
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In Fig. 6, representative temperature profiles are 
shown at axial locations § = 0, 1, and 4 for the two values 
of Q = 0 and 1.0. They are from solutions of the local non-
similarity three-equation model. An inspection of the 
figure reveals that for a given ~ , the most noteworthy 
trends with increasing axial distance § are the increase 
in temperature gradient ae;an at wall and the substantial 
growth in the thermal boundary layer thickness. As ~ in-
creases, the temperature gradient increases, while the 
thermal boundary layer thickness decreases. 
To provide a better understanding of the effect of 
buoyancy on the flow and thermal fields, Figs. 7 and 8 
have been prepared to show, respectively, the relative 
increase in the friction factor and Nusselt number with 
buoyancy Q. In the figures cfo and Nu
0 
are, respectively, 
the friction factor and Nusselt number without buoyancy 
effect (i.e., Q = 0). The numerical results for cf/cfo 
and Nu /Nu are also listed in Table D-V, Appendix D. 
X 0 
From the results presented in Fig. 8, it can be seen 
that the free convection effect on Nusselt number for 
forced convection is less than 10 percent when 
Gr 




For the case of a vertical flat plate {§ = 0), equation 
(78) reduces to Q ~ 0.15 which agrees well with the work of 
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Fig. 8. THE EFFECT OF BUOYANCY ON LOCAL NUSSELT NUMBER. 
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0.9 1.0 
As a final remark, it is noted that a step size of 6n= 
0.02 in the Runge-Kutta integration was found to be adequate 
for providing accurate numerical results for all the ~ and 
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§ parameters that are investigated in the present study. In 
Table D-IV, Appendix D, the f'' (§,0) and -8' (§,0) results 
are compared for ~ values of 0 and 1.0 and § = 4 from the 
local non-similarity three-equation model, using different 
step sizes of 6n = 0.01, 0.02, and 0.04 in the numerical 
integration. A deviation of less than 0.001 percent between 
results from 6n = 0.02 and 0.01 ensures the validity of the 
stepsize 6n = 0.02 that was used in the calculations. 
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VI. CONCLUSIONS 
In this study, the problem of laminar combined forced 
and free convection along an isothermal vertical cylinder 
and vertical flat plate has been analyzed by employing the 
local non-similarity method of solution. In this method, the 
non-similarity terms in the conservation equations are re-
tained without approximation, while only in the subsidiary 
equations are terms selectively deleted. The resulting 
system of governing equations can be treated as ordinary 
differential equations and their solutions at any axial 
location can be obtained without recourse to information 
from other axial locations. The wall shear and heat trans-
fer information presented herein demonstrates that the 
present method of solution by the local non- similarity 
three-equation model provides accurate results. 
Numerical results were obtained for a fluid with Prandtl 
number of 0.7 for the case of assisting flow in which the 
buoyancy force acts in the same direction as the forced 
flow. It was found that as the buoyancy force increases, 
both the velocity and temperature gradients at the wall 
increase, while the flow and thermal boundary layer thick-
nesses decrease. That is, the effect of the buoyancy force 
is to increase the wall shear and heat transfer. It was also 
found that for a fixed buoyancy effect, the wall shear and 
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DERIVATION OF EQUATION (2) 
The laminar boundary layer equations for combined forced 
and free convection flow over a vertical cylinder are: 
continuity equation 
au 1 a 
ax + r ar (rv) 
x-momentum equation 
au au 






aT aT 1 a 
u 
ax + 








In these equations, all properties except density in equa-
tion (A-2) are assumed to be constant. 
By letting p = p
00 
at T = T
00
, temperature of the free 
stream, and using the Taylor series expansion, one gets 
00 
2 (T--T ) 
00 
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± ••• (A-5) 
The positive sign is for the case T >T and the negative 
w 00 
sign for T <T . w 00 From the definition of the volumetric 
expansion coefficient S 
s = 1 p (A--6) 
p 
and by neglecting high order terms in equation (A-5), the 
equation of state for free convection can be approximated as 
(pS) (T - T ) . 
00 00 
(A-7) 
Outside the boundary layer u = u 
00 
v 0 and equation 
(A-2) reduces to 
0 
8poo 
- ·ax- - p oo g X • (A-8) 
From equation (A-3), it can be seen that the pressure is 
only a function of x, i.e., it does not change in the trans-
verse direction, and p = p
00 
across the boundary layer. Sub-
. ()poo 8p 
stituting equation (A-8) Wlth a:x- = ax into (A-2), there 
results 
dU dU 
u 8x + v a:r 1 ~(r 8u_) _ 1 = vr 8r 8r p (A- 9) 
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App~ication of equation (A-7) with pf3 = (pB) reduces equa-
oo 
tion (A-9) to 
u ~xu+ v ~ru = v 1 ~(r ~~) ± g B(T-T) 
o o r 8r 8r x oo (A-10) 
which is equation (2) in text. 
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APPENDIX B 
DERIVATION OF EQUATIONS (8), (9), (10), AND (ll) 
The momentum and energy equations, equations (2) and 
(3) in the text, are non~dimensionalized by introducing the 
non-dimensional parameters n, §, ~ and 8 defined by equa-
tions (5) and (6) in the text. The stream function ~ 
satisfies the continuity equation through the relationships 
u = (1/r) (3~/ar) and v = -(1/r) (a~;ax) as given by equation 
(7) in the text. 
In terms of the dimensionless variables § and n, one 
has 
u 
00 f' (§,n) (B-1) u = --i 
ro l/2 1 f(§,n)+ af a§ +f ' ( § , n) an v --(vu x) [-- 3§ ·ax -] (B-2) r oo 2x dX • 
Also, 








2 u u 1/2 u 
00 00 (v:) f''(§,n). (B-5) 
-2 = (l+n §) ·s\rx f'''(§,n) + 4""r 
ar 0 
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Substituting equations (B--1) through (B-5) into equation (2) 
of the text, there results 
(l+§n) f' ''+§f' '±g S (T --T ) Bx 8 
X W 00 U 
00 
af' a§ af a§ 
= 2xf' - f' 'f - 2xf'' 
-ar- ax IT ax · 
(B-6) 
The last term on the left-hand side of equation (B-6) can 







Rex = --v-·, 
g f3 (T --T ) X 




3 g S (T -T ) X 
X W 00 
--2--· 
v 
( B -- 7 ) 
(B-8) 
Since 3§/ax=§/2x and g=afja§ equation (B-6) becomes 
(l+§n)f''' + (f+§)f' '±8~8 §(f'g'-f''g) 
which is equation (8) in the text. 
The boundary conditionsu=O at r=r and 0 
f'(§,O) = 0, f' {§,oo) 2 . 
u-+u 
00 
Similarly, the condition v=O at r=r0 results in 
( B -- 9) 
as r-+oo gives 
(B-10) 
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f(§,O) + §g(§,O) = 0. (B-11) 
Equations (B-10) and (B~ll) are equations (9) in the text. 
Next, attention is directed to the energy equation, 
equation (3) in the text. The transformation gives 
8T (T -T ) (~ _?.l_ + e ' an 
. dX 
= ··-) W oo 8§ dX dX (B-12) 
8T u 1/2 00 r 
8r = (T -T ) (·-) 2-r 8'(§,n) W 00 \>X 
0 
(B-13) 
2 u 1/2 
r oo 1 uoo 
= (T T )[ 8''(§,n) + ( ) W·- 00 --2 \>X ~ \>X 4r o 
8'(§,n)]. (B-14) 
0 
Substituting equations (B-12) - (B- 14) along with u,v from 
(B- 1) and (B- 2) into equation (3) of text, one obtains 
1 ( 1 + § n ) 8 ' ' + ( f + __ J_) 8 ' = § ( f ' ¢ --g 8 ' ) 
Pr Pr 
(B-15) 
where Pr = \>/a is the Prandtl number. Equation (B-15) is 
equation (9) in the text. The boundary conditions T = T w 
at r = r and T~T as r~oo give 
0 00 
8(§,0) = 1 (B--16) 
and 
8(§,oo) = 0 
which are equations (10) in the text. 
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APPENDIX C 
ITERATIVE SCHEME FOR REFINING THE VALUES OF 
f ' ' < § , o ) , g ' ' < § , o ) , h ' ' ( § , o ) , e ' ( § , o ) , <P ' < § , o ) AND x ' < § , o ) : 
To integrate the system of differential equations for 
local non-similarity three~-equation model, one needs to 
guess the initial values f' ' ( §, 0) , g • ' ( §, 0) , h' ' ( § , 0) , 
8' ( §, 0) , <P' ( §, 0) , and x' ( §, 0) • These values are refined 
systematically by an iterative scheme until all the boundary 
conditions at n=n are satisfied. This is done as follows: 
00 
First, consider all the dependent variables, f' (§,n ), 
00 
g ' ( § , n oo) , h' ( § , n oo) , e ( § , n oo) , <P ( § , n oo) , and x ( § , n oo) at the 
preassigned value of the independent variable noo as func-
tions 0 f f ' ' ( § ' 0) ' g ' ' ( § ' 0) ' h ' ' ( § ' 0) ' e ' ( § ' 0) ' <P ' ( § ' 0) ' 




) 3f' (noo) 
f 1 ( oo) = 2= f 1 ( n ) + /1 f 1 1 ( 0) + /1g 1 1 ( 0) 1 I 00 d f f I ( 0 ) •d g I f ( 0 ) (C-la) 




), etc., stand for 
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f' ( § 'noo) ' f' ' ( § 'noo) ' etc.' and 6f' ' ( 0) ' etc. ' stand for 
~ f ' ' ( § , 0) , etc. Similarly 
g' (oo) ag' (noo) ag' (n ) = o - g' ( n ) + "f' ' ( o) + oo "g' ' ( o) oo ~~ITu ag·~-u 
ag' <n ) 
00 ag' (n ) ag' <n ) 
+ ah''(O) ~h'' (0) + oo "8' (O}t oo ·a8'(0) u a¢'(0) ~¢ ' ( 0) (C-lb) 
ag' (noo) 
+ ax'(O) ~x'(O). 
In the same manner, one gets similar equations for h' (oo) = 
0, 8(oo) = 0, cp(oo) = 0, and x(oo) = 0, which are skipped for 
the sake of brevity. The terms ~f'' (0), ~g'' (0), ~h'' (0), 
68 ' ( 0) , ~<P' ( 0) , and tJ.x' ( 0) in the foregoin:.g equations are 
the incremental values that will improve the initial guesses 
of the boundary conditions f' ' ( §, 0) , g' ' ( §, 0) , h' ' ( § , 0) , 
8 ' ( § , 0 ) , ¢ ' ( § , 0 ) and X ' ( § , 0 ) . 
Instead of using the conventional Newton-Raphson approx-
imation (such as equations (C-la), C-lb), etc.) to find the 
increments ~f'' (0), ~g'' (0), 6h'' (0), 68' (0), 6¢' (0) and 
~X' (0), the Newton-Raphson method is modified to obtain these 
incremental values such that the refined guessed values, 
f ' ' ( § , 0 ) , g ' ' ( § , 0 ) , h ' ' ( § , 0 ) , 8 ' ( § , 0 ) , ¢ ' ( § , 0 ) and x ' ( § , 0 ) 
satisfy not only the following boundary conditions at noo 
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f' (§,co) 2, g' (§,co) = 0, h' (§,co) 0 
8(§,co) = 0, ¢(§,co) 0' x(§,co) 0 (C-2) 
but also the related conditions 
f' I {§,co) = 0, g' I (§,oo) 0, h' 1 (§,oo) = 0 
8' (§,co) = 0, <P' (§,co) = 0, x' (§,oo) = 0 (C-3) 
as well. In order to exclude the possibility of obtaining 
extraneous results, the least-squares approach is used to 
ensure that the functions f ' ( § , n) , g' ( § , n) , h' ( § , n) , 
e (§,n)' ¢(§,n), and x(§,n) approach their proper boundary 
values asymptotically as the independent variable n 
approaches infinity. 
Applying the Newton-Raphson method to f'' (§,co), one 
has 
8f''( ) af''(n) nco co 
f ''(co)=O=f''(n )+ 6.f''(O)+ 6.g''(O) 
00 ()f'' (0) 8g'' (~ 
8f''( ) af''(n) 8f''(n) nco 00 co 
+ "h ' ' < o) + 6. e ' < o) + 6. <P ' < o) a h , • < o > u. a8' < o r·- a <P • < o > 
8f''(n) co 
+ ax'(O) 6.x'(O). (C-4a) 
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In the same manner, one gets similar equations for g'' (~)= 
0, h 1 ' {~) =0, 8' (~) =0, cp' (~) =0 and x' (~) =0, which are again 
omitted for the sake of brevity. In all the Newton-Raphson 
approximation equations (C·-1) and (C-4), the differential 
terms 8 f ' ( n J/8 f ' 1 ( 0) , 8 g 1 ( n ~)I 8 f ' 1 ( 0) , 8 h' ( n ~)I 8 f ' ' ( 0) , 
88 <n~)/8f' 1 (O), 8¢ <n~)/8f'' (O), 8x <n~)l8f' 1 (O) and 
8f' 1 (n~)/8f 11 (0), 8g' 1 (n~)/8f' 1 (0), 8h' 1 (n~)/(3f' 1 (0), 
88 1 <n~)/8f' 1 (O) t 8cp 1 <n~)l8f 11 (0) f dX 1 (n~)/8f 11 (0) are 
approximated as linear incremental ratios. Their approxi-· 
mate values are determined as follows: The initial guess 
for f' 1 (§,0) is increased by, say, one percent, while the 
initial gueSSeS for g I I ( § f 0) f hI I ( § f 0) f 8 1 ( § f Q) f cp I ( § f 0) 
and x' (§,0) are kept fixed. Integration of the equations 
is then carried out and the values of the functions f(§,n), 
g (§ ,n), h (§ ,n), 8 (§ ,n), ¢ (§ ,n), x (§ ,n) and their derivatives 
with respect to n are evaluated at the edge of the boundary 
layer, namely at n~- Then the ratios of the changes in 
f ' ( § , n ~) , g 1 ( § , n ~) , h ' ( § , n ~) , 8 ( § , n ~) , ¢ ( § , n ~) , x ( § , n ~) and 
the f' I (§,n~) f g' I (§,n~) t h' I (§,n~) t 8' (§,n~) f cp' (§,n~) f 
X 1(§,n~) to the one percent change of f' 1 (§,0) are formed as: 
Similarly, 
(l+O.Ol)f 1 I (0)-f' I (0) 
8g 1 (n ) 
~ 
8f' I (0) 
g2 (ncx)-gi <n~) 
O.Olf 1 ' (0) 
= 
f2(n~)-fi<n~) 




ah' (n ) h2 (n=) -hi (n 00 ) 00 
af'' (0) - 0. Olf' ' ( 0) (C-Sc) 
ae(n) e 2 < n 00 ) ·- e 1 < n 00 ) 00 
af'' (0) - O.Olf''(O) (C·-Sd) 
a¢(n
00
) ¢2(noo) - ¢1 (noo) 
af'' (O) - O.Olf''(O) (C-Se) 
ax (noo) x2(noo)-xl (noo) 






f ' ' ( n ) -f ' ' < n ) 2 00 1 00 
=a-=f:-:'--:':--:-< o=-'"") = 
- <l+o.ol)f''<o)-fi•ror O.Olf'' (0) 
and similar ratios are obtained for ag'' (n
00
)1af'' (0), 
a h' ' ( n oo) I a f ' ' ( 0) , a e ' ( n oo) I a f ' ' { 0) , a¢ ' ( n oo) I a f ' ' ( o) and 
ax' (noo) laf'' (0). 
(C-6a) 
In the same fashion, in order to determine the values 
Of afl (n
00
)lag• f (0) 1 ag' (T)
00
)1ag' I (0) 1 ah' (T)
00
)Iag' I (0) 1 
a e ( n oo) I a g ' ' ( 0) , a¢ ( n oo) I a g ' ' ( 0) , ax ( n oo) I a g ' ' ( 0) , a nd 
af'' (Tl
00
)lag'' (0), ag'' (n
00
)1ag'' (0), ah'' (n
00
)1ag'' (0), 
a e ' ( n oo) I a g ' ' ( o) , a¢ ' ( n oo) I a g ' ' ( o) , ax ' ( n oo) I a g ' ' ( o) , the 
value of the first initial guess for g'' (§,0) is increased 
by one percent, while, keeping all the other values of the 
initial guesses fixed. The functions and their derivatives 
are then evaluated at the edge of the boundary layer, (i.e., 
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at n=n~and the differential terms are then approximated 
as incremental linear ratios as before. In the same 
manner, all the differential terms in all the Newton-Raph-
son approximation equations (C - 1) and (C-4) are estimated 
as linear ratios. 
Now consider the discrepancies 81 , 8 2 , 8 3 , 812 
in the Newton-Raphson approximation equations (C-1) and 
(C-4) , where 
3f'(n) 3f'(n) 
00 00 ~ = f I ( ) 2+ ---:~,-- Af I I ( 0) + 11 g I 1 ( 0) 






+ 11 h I I ( 0) + A e I ( 0) d h I I ( 0 ) D ·36'T"o-r- D 
ag' (noo) ag' (noo) 
~ = I ( ) + Af I I ( 0) + f:::.g I I ( 0) 
u 2 g n oo a f ' ' ( o ) o a g ' -·(OT (C-7b) 
and similar expressions can be obtained for 8 3 , 8 4 , 8 5 and 
8 6 • In the same manner 
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af''(noc) af''(n) 
f''(n )+ 6f''(O)+ oo "g''(O) 00 af f f (0) ag ,-,-(0) D (C-8a) 
af''(n) af''(n) 
+ a<i)'< o > 00- 6.¢' ( o > + ax' < o > 00 - 6-x' ( o > 
ag' ' (n ) ag' ' (n ) 
08 g, , (n ) 
00 00 
= + a-f-"<0) 6-f ' ' ( 0) + ag-' '[())- 6-g'' (0) 00 
(C-8b) 
ag I' ( n oo> ag' I <n > 00 
+ 
ah' I (0) 6_h I I ( 0) + a8' (O) 68' (0) 
ag I ' <n ) 
00 
+a¢' (O) 
ag 1 ' (n ) 
00 
6.¢' (O) + ax' (o) 6-x' (O) 
and similar expressions can be obtained for o8 , o9 , o10 , 
o11 and o12 . 
The sum of the squares of the discrepancies forms the 





The next step is to find the values of 6-f' 1 (0), 6g 1 ' (0), 
6-h' 1 (0), 6.8 1 (0), 6.¢ 1 (0) and 6X 1 (0) that will make the sum 
E as small as possible. To minimize the sum, E is 
n n 
63 
differentiated with respect to ~f'' (0), ~g' • (0) , ~h' • (0), 
~e v (0 ), ~¢' (0) and ~X' (0), respectively, and these deriva-
tives are set equal to zero. The resulting system can be 
expressed in a matrix form as : 
(A) {B) (C) (C-10) 
where 
aFn aFn aFn aFn aFn aFn 
a f I I ( 0 ) • a f I I ( 0 ) I a f I I ( 0 ) • -a g I I ( 0 ) I • • • I a f I I ( 0 ) • -a-x-:':--:-( 0~) 
aFn aFn aFn aFn aFn aFn 
a g I I ( 0 ) • a f I I ( 0 ) I a g I I ( 0 ) • a g I I ( 0 ) I • • • I a g I I ( 0 ) • =a-x--:',..........( 0~) 
A= (C - 11 ) 
aFn aFn aFn aFn aFn aFn 
-ax • (o) ·at I' (o) 'ax I (Qf.ag • • (o) ' · • ·' ax • (o) •-:::-a-x-::-''-T(-=o"'{'"-) 
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b.f'' (0) F . aFn 
n af'' (O) 
b.g ' ' ( 0) F . aFn 
n ag'' ( 0) 
aFn B= and C= -b.h' ' ( 0) F . 
n ah'' (0) (C-1 2) 
b.8' (0) F . aFn 
n a 8 ' ( 0) 
b.¢' (0) F . aFn 
n a¢' (o) 
b.x' (O) F . aFn 
n ax' (o) 
In the matrices [A] and [C] the vector F is defined as 
n 
(C-13) 
The linear matrix equation, equation (C-10) is then solved 
to obtain the values of the increments b.f'' (0), 6g'' (0), 
6h'' (0), 68' (0), 6¢' (0) and 6x' (O) using a computer. These 
increments are then added to the initial guessed values to 
form the new improved initial values for f'' (§,0), g'' (§,0), 
h' ' ( § , 0) , 8 ' ( §, 0) , ¢ ' ( § , 0) and x' ( § , 0) . The iteration is 
continued until these improved initial values satisfy the 
boundary conditions at the edge of the boundary layer within 
a certain accuracy. 
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APPENDIX D 
TABLES OF NUMERICAL RESULTS 
TABLED-I. A COMPARISON OF REPRESENTATIVE f'' (§,0) RESULTS 
BETWEEN LOCAL SI~1ILARITY MODEL AND LOCAL NON-SIMILARITY 
MODELS FOR Pr=0.7 
I LOCAL NON-SIMILARITY MODE.L 
r2 § LOCAL SIMILARITY MODEL TWO-EQUATION THREE --EQUATION 
0 0 1.32822934 1.32822934 1.32822934 
0 1.0 1.83484999 1.91128459 1.91723831 
0 2.0 2.26616400 2.38471586 2.39808196 
0 3.0 2.65711330 2.80704089 2.82701591 
0 4.0 3.02168058 3.19773242 3.22354970 
0.1 0 1.89146418 1.78663491 
0.1 1.0 2.38705588 2.29481336 2.32706310 
0. 1 2.0 2.82218675 2 o739 2Q285 2.79509174 
0.1 3.0 3.22182632 3 . 14518557 3.21944184 
0.1 4.0 3.59716600 3 o52545156 3.61511650 
(Table D~I continues) 
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TABLE D- I (Continued) 
r LOCAL SIMILARITY LOCAL NON -- SIMILARITY MODEL 
r2 § MODEL TWO-EQUATION THREE-EQUATION 
0.5 0 3.71440876 3.35855572 
0.5 1.0 4.24479236 3.71039320 3.73961968 
0.5 2.0 4.72564137 4.11105888 4.18207166 
0.5 3.0 5.17500205 4.49341188 4.59898932 
0.5 4.0 5.60138820 4.86041535 4.99633829 
1.0 0 5.59193764 4.96679918 
1.0 1.0 6.19059807 5.23742132 5.25843611 
1.0 2.0 6.73695350 5.63663437 5.70010699 
1.0 3.0 7.25021873 6.02568957 6.12355862 
1.0 4.0 7.73903654 6.40354190 6.53166210 
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TABLED-II. A COMPARISON OF REPRESENTATIVE -8' ( §, 0) RESULTS 
BETWEEN LOCAL SIMILARITY MODEL AND LOCAL NON-SIMILARITY 
MODELS FOR Pr=0.7 
LOCAL SIMILARITY LOCAL NON-SIMILARITY MODEL 
r2 § MODEL TWO-EQUATION THREE-EQUATION 
0 0 0.58536045 0.58536044 0.58536045 
0 1.0 0.82888939 0.86385837 0.86686950 
0 2.0 1.03602998 1.09024238 1.09682196 
0 3.0 1.22382270 1.29245411 1.30213686 
0 4.0 1.39902169 1.47972045 1.49212062 
0.1 0 0.62537254 0.62709071 
0.1 1.0 0.86139627 0.89491798 0.89709670 
0.1 2.0 1.06565584 1.11492999 1.12269528 
0.1 3.0 1.25200267 1.31366103 1.32582154 
0.1 4.0 1.42638491 1.49868465 1.51451703 
(Table D-II continues) 
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TABLE D-II (Continued) 
LOCAL SIMILARITY LOCAL NON-SIMILARITY MODEL 
r2 § MODEL TWO-EQUATION THREE-EQUATION 
0.5 0 0.72559593 0.73927539 
0.5 1.0 0.95104731 0.99050318 0.98519808 
0.5 2.0 1.15100274 1.19924914 1.20041599 
0.5 3.0 1.33532303 1.39110746 1.39785644 
0.5 4.0 1.50877506 1.57142984 1.58303753 
1.0 0 0.80382442 0.82212885 
1.0 1.0 1.02528928 1.07131268 1.06206677 
1.0 2.0 1.22387501 1.27585339 1.27175818 
1.0 3.0 1.40787870 1.46508419 1.46580270 
1.0 4.0 1.58153290 1.64364353 1.64871786 
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TABLE D-III. THE f' ' ( §, 0) AND -- 8' ( § , 0) RESULTS FROM LOCAL 
NON--SIMILARITY THREE-EQUATION MODEL F OR Pr=O. 7 
r2 § f''(§,O) -8'(§,0) 
0 0 1.32822934 0.58536045 
0 0.5 1.64356048 0.73605 992 
0 1. 0 1.91723831 0.86686950 
0 1.5 2.16613429 0.98587358 
0 2.0 2.39808196 1.09682196 
0 2.5 2.61746104 1.20180657 
0 3.0 2.82701591 1.30213686 
0 3.5 3.02860307 1.39870399 
0 4.0 3.22354970 1.49212062 
!--·· 
0.1 0 1.78663491 0.62709071 
0.1 0.5 2.06693236 0.77052331 
0.1 1.0 2.32706310 0.89709670 
0.1 1.5 2.56799784 1.01349965 
0.1 2.0 2.79509174 1.12269528 
0.1 2.5 3.01153829 1.22642815 
0.1 3.0 3.21944184 1.32582154 
0.1 3 . 5 3.42027364 1.42166241 
0.1 4.0 3.61511650 1.51451703 
' 
(Table D- III continues) 
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TABLE D-III (Continued) 
I s-2 § fl I (§,0) 
-8'(§,0) 
0.5 0 3.35855572 0.73927539 
0.5 0.5 3.50612933 0.86777150 
0.5 1.0 3.73961968 0.98519808 
0.5 1.5 3.96452153 1.09553422 
0.5 2.0 4.18207166 1.20041599 
0.5 2.5 4.39328934 1.30093410 
0.5 3.0 4.59898932 1.39785644 
0.5 3.5 4.79982837 1.49174820 
0.5 4.0 4.99633829 1.58303753 
1.0 0 4.96679918 0.82212885 
1.0 0.5 5.02992224 0.94894019 
1.0 150 5.25843611 1.06206677 
1.0 1.5 5.48174062 1.16926753 
1.0 2.0 5.70010699 1.27175818 
1.0 2.5 5.91391659 1.37039545 
1.0 3.0 6.12355862 1.46580270 
1.0 3.5 6.32937002 1.55845478 
1.0 4.0 6.53166210 1.64871786 
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TABLE D- IV. EFFECT OF STEP - SIZE ON THE ACCURACY OF THE NUMERICAL RESULTS. 
• f''(§,O) -8'(§,0) I i t 
r2 § 
!· lln=O.Ol 0.02 0.04 0.01 I 0.02 0.04 
0 4.0 3.22354968 3.22355008 3.22355667 1.49212059 1.49212076 1.49212358 
1.0 4.0 6.53165899 6.53166210 6.53170807 1.64871760 1.64871786 1.64872214 
I I l 
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TABLE D-V. THE EFFECTS OF BUOYANCY ON LOCAL FRICTION 
FACTOR AND NUSSELT NUMBER 
§ s-2 cfx/cfo Nu /Nu X 0 
-
0 0 1.0 1.0 
0 0.1 1.34512532 1.07128985 
0 0.5 2.52859624 1.26294045 
0 1.0 3.73941384 1.40448308 
1 0 1.0 1.0 
1 0.1 1.21375788 1.03486938 
1 0.5 1.95052418 1.13650103 
1 1.0 2.74271387 1.22517492 
2 0 1.0 1.0 
2 0.1 1.16555305 1.02358935 
2 0.5 1.74392357 1.09444927 
2 1.0 2.37694419 1.15949373 
(Table D- V continues) 
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TABLE n ..... v (Continued) 
§ st cfx/cfo Nu /Nu X 0 
3 0 1.0 1.0 
3 0.1 1.13881278 1.01818909 
3 0.5 1.62679994 1.07350962 
3 1.0 2.16608566 1.12569020 
4 0 1.0 1.0 
4 0.1 1.12147056 1.01500969 
4 0.5 1.54994902 1.06093124 
4 1.0 2.02623255 1.10494935 
-
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